This paper studies the existence and multiplicity of solutions for the nonlocal elliptic p-Kirchhoff problem (1). Our technical approach is based on variational methods.
Introduction
In this article, we are concerned with the following nonlocal elliptic p-Kirchhoff type equations with Neumann boundary data as follows 
The problem (1) is related to the stationary problem of a model introduced by Kirchhoff [13] . More precisely, Kirchhoff introduced a model given by the following equation
which extends the classical D'Alembert's wave equation by considering the effects of the changes in the length of the strings during the vibrations. Latter (3) was developed to form
After that, many authors studied the following nonlocal elliptic boundary value problem
Problems like (5) can be used for modeling several physical and biological systems where u describes a process which depends on the average of it self, such as the population density. Many interesting results for (5) were obtained see for example [1, 8, 9, 10, 11, 14, 16] .
In [18] Y. Yang and J. Zhang studied the following problem
where p < N, they established existence and multiplicity of solutions for the problem under suitable assumptions on M and f . In [7] Corrêa and Nascimento considered the following nonlocal elliptic system of p-Kirchhoff type
with the hypothesises on M i , h i , (i = 1, 2), f and g, the authors proved the existence of a weak solution for (7) .
In the present paper, we look for the existence of infinitely many solutions of problem (1) . More precisely, we will prove the existence of well precise intervals of parameters λ and μ such that problem (1) admits either an unbounded sequence of solutions provided that the primitive F of f has a suitable behaviour at infinity or a sequence of nontrivial solutions converging to zero if a similar behaviour occurs at zero, while G the primitive of g has an appropriate growth. Our main tool is a general critical points theorem due to Bonanno and Molica Bisci [3] that is a generalization of a previous result of Ricceri [17] .
Preliminaries
Denote X := W 1,p (Ω), which is a reflexive Banach space endowed with the norm ||u|| =
Since p > N, X are compactly embedded in C 0 (Ω), and hence K < ∞. We introduce the functionals Φ, Ψ : X → R, defined as follows
where
It is well known that Ψ is Gâteaux differentiable and sequentially weakly upper semicontinuous and its Gâteaux derivative at the point u ∈ X is
for every v ∈ X. Furthermore, Ψ is a compact operator. Moreover, Φ is continuously differentiable and sequentially weakly lower semicontinuous and whose differential at the point u ∈ X is
for every v ∈ X, and Φ admits a continuous inverse on X * (dual space of X) (see [10] ).
We say that u ∈ X is a weak solution of problem (1) if
Let us here recall for the reader's convenience a smooth version of a previous result of Ricceri [17] . 
Then, one has (a) for every r > inf X Φ and every λ ∈ 0,
, the restriction of the functional
, the following alternative holds:
, the following alternative holds: either (c 1 ) there is a global minimum of Φ which is a local minimum of I λ , or (c 2 ) there is a sequence of pairwise distinct critical points (local minima) of I λ which weakly converges to global minimum of Φ.
Main Results
Following the construction given in [5] , we define
where dist(x, ∂Ω) denote the usual Euclidean distance from x ∈ Ω to the boundary ∂Ω. We show that there is an x 0 ∈ Ω such that B(x 0 , s) ⊆ Ω, where B(x 0 , s) denotes the ball with center at x 0 and radius of s. Further, put
where B (μ,1) (N, p+1) denotes the generalized incomplete beta function defined as follows
We also denote by ω s = s (1+N/2) the measure of the N-dimensional ball of radius s, where Γ(.) is the gamma function defined by
Finally, let N) μ N . Now, we are ready to state our main results.
Theorem 3.1 Assume that (M) holds and
Then, for every λ ∈ Λ :
Kα
, and for every continuous function g satisfies: 
one has
Then, for every λ ∈ Λ 0 := 
Proof of main Results
Proof of Theorem 3.1. In order to apply Theorem 2.1, fix λ ∈ 
Note that Φ(0) = 0, and Ψ(0) = 0. Therefore, for every r > 0,
Since
Hence, in view of (8), for every r > 0, we have
Then ϕ(r) ≤ sup u∈X:
Let (σ n ) a sequence of positive numbers such that σ n → +∞ and
Put
. (14) Let γ := lim inf r→+∞ ϕ(r). It follows from (13) and (14) that
Hence, when G ∞ = 0, for every μ > 0, one has γ < αpK m
and we conclude that Λ ⊆ 0, 1 γ . For λ ∈ Λ, we claim that the functional I λ = Φ − λΨ is unbounded from below. Indeed, since 1 λ < pβ, we can consider a sequence (τ n ) of positive numbers and η > 0 such that τ n → +∞ and
for n large enough. Define a sequence (u n ) as follow
One can prove that (18) and this imply that
Moreover, owing to (f 1 ), we infer
Combining (16), (19) and (20), we get
for n large enough, so lim n→+∞ I λ (u n ) = −∞, and hence the claim follows. The alternative of Theorem 2.1 case (b) assures the existence of unbounded sequence (u n ) of critical points of the functional I λ . This completes the proof in view of the relation between the critical points of I λ and the weak solutions of problem (1) . Proof of Theorem 3.2. First, note that min X Φ = Φ(0) = 0. Let (σ n ) be a sequence of positive numbers such that σ n → 0 + and
Working as in the proof of theorem (3.1), we have
Fix now λ ∈ Λ 0 and claim that I λ has not a local minimum at zero. Indeed, since 1 λ
< pβ
0 , we can consider a sequence (τ n ) of positive numbers and η > 0 such that τ n → 0 + and
for n large enough. Let (u n ) be the sequence defined in (17) . By combining (19), (20) and (24), and taking into account (i 3 ), we obtain
for n large enough. This together with the fact that ||u n || → 0 shows that I λ has not a local minimum at zero, and the claim follows. The alternative of Theorem 2.1 case (c) ensures the existence of sequence (u n ) of pairwise distinct critical points (local minima) of I λ which weakly converges to 0. This completes the proof of Theorem 3.2.
An immediate consequence of Theorem 3.1 is the following Corollaries.
Corollary 4.1 Let h : R → R be a continuous function such that:
, for every continuous function q satisfies:
admits an unbounded sequence of weak solutions. 
admits an unbounded sequence of weak solutions.
Example. It could be possible to consider the following example, when whose construction is motivated by [5] . Fix α, β > 0 and let Ω ⊂ R, p = 3 and F : R → R be a function defined by 
where a 1 := 2, a n+1 := n!(a n ) admits an unbounded sequence of weak solutions.
